We consider a coherent-classical estimation scheme for a class of linear quantum systems, where the estimator is a mixed quantum-classical system that may or may not involve coherent feedback. We show that when the quantum plant or the quantum part of the estimator (coherent controller) is an annihilation operator only system, coherent-classical estimation without coherent feedback can provide no improvement over purely-classical estimation. Otherwise, it can be better for certain homodyne detector angles, although it is inferior for the optimal choice of homydne angle. Moreover, we show that coherentclassical estimation with coherent feedback is as good as classical-only estimation, when both the plant and the controller are annihilation operator only systems. Otherwise, it can be superior, and if so, certainly for the best choice of homodyne angle.
Introduction
Estimation and control problems for quantum systems are of significant interest [3-5, 7, 9, 10, 14, 15, 26-30] . An important class are linear quantum systems [2, 3, 5, 7, 11, 13, 14, 17, 18, 20, 23, 24, 26, 27] , that describe quantum optical devices such as optical cavities [1, 23] , linear quantum amplifiers [2] , and finite bandwidth squeezers [2] . Coherent feedback control for linear quantum systems has been studied, where the feedback controller is also a quantum system [6-11, 14, 17, 25] . A related coherent-classical estimation scheme was introduced by the authors in Refs. [16, 19] , where the estimator has a classical part, which yields the desired final estimate, and a quantum part, which may involve coherent feedback. This is different from the quantum observer constructed in Ref. [12] . A quantum observer is a purely quantum system, that gives a quantum estimate of a variable for a quantum plant. By contrast, a coherent-classical estimator is a mixed quantum-classical system, that yields a classical estimate of a variable for a quantum plant.
In this paper, we elaborate and build on the results of the conference papers Refs. [16, 19] 
to present two key
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theorems, propose three relevant conjectures, and illustrate our findings with several examples. We show that a coherent-classical estimator without feedback, where either of the plant and the coherent controller is a physically realizable annihilation operator only system, it is not possible to get better estimates than the corresponding purely-classical estimator. Otherwise it is possible to get better estimates in certain cases. But we observe in examples that for the optimal choice of the homodyne angle, classical-only estimation is always superior. Moreover, we demonstrate that a coherent-classical estimator with coherent feedback can provide with higher estimation precision than classical-only estimation. This is possible only if either of the plant and the controller can not be defined purely using annihilation operators. Furthermore, if there is any improvement with the coherentclassical estimator (with feedback) over purely-classical estimation, we see in examples that the latter is always inferior for the optimal choice of the homodyne angle.
The paper is structured as follows. Section 2 introduces the class of linear quantum systems considered here and discusses physical realizability. Section 3 formulates the problem of optimal purely-classical estimation. In Section 4, we formulate the optimal coherent-classical estimation problem without coherent feedback, and present our first theorem and two conjectures supported by examples. Section 5 discusses the coherent-classical estima-tion scheme involving coherent feedback and lays down our second theorem and another conjecture with pertinent examples. Finally, Section 6 concludes the paper.
Linear Quantum Systems
The class of linear quantum systems we consider here are described by the quantum stochastic differential equations (QSDEs) [5, 7, 15, 16, 22] :
where
Here, a(t) = [a 1 (t) . . . a n (t)] T is a vector of annihilation operators. The adjoint a * i of the operator a i is called a creation operator. The notation ∆(F 1 , F 2 ) denotes the matrix
# denotes the adjoint of a vector of operators or the complex conjugate of a complex matrix. Furthermore, † denotes the adjoint transpose of a vector of operators or the complex conjugate transpose of a complex matrix. In addition,
T is a vector of external independent quantum field operators and A out (t) is the corresponding vector of output field operators. Theorem 2.1 (See [17, 22] ) A complex linear quantum system of the form (1), (2) is physically realizable, if and only if there exists a complex commutation matrix Θ = Θ † satisfying the following commutation relation
such that
Annihilation Operator Only Systems
Annihilation operator only linear quantum systems are a special case of the above class of linear quantum systems, where the QSDEs (1) can be described purely in terms of the vector of annihilation operators [9, 10] : 
Linear Quantum System from Quantum Optics
An example of a linear quantum system is a linearized dynamic optical squeezer. This is an optical cavity with a non-linear optical element inside as shown in Fig. 1 . Such a dynamic squeezer can be described by the quantum stochastic differential equations [16] :
where κ 1 , κ 2 > 0, χ ∈ C, and a is a single annihilation operator of the cavity mode [1, 2] . This leads to a linear quantum system of the form (1) as follows:
The above quantum system requires γ = κ 1 +κ 2 in order for the system to be physically realizable.
Also, the above quantum optical system can be described purely in terms of the annihilation operator, if and only if χ = 0, i.e. there is no squeezing, in which case it reduces to a passive optical cavity. This leads to a linear quantum system of the form (5) as follows:
where again the system is physically realizable when we have γ = κ 1 + κ 2 . 
Purely-Classical Estimation
The schematic diagram of a purely-classical estimation scheme is provided in Fig. 2 . We consider a quantum plant of the form (1), (2), defined as follows:
Here, z denotes a scalar operator on the underlying Hilbert space and represents the quantity to be estimated. Also, Y is the vector of output fields of the plant, and A is a vector of quantum noises acting on the plant.
In purely-classical estimation, a quadrature of each component of the vector Y is measured using homodyne detection to produce a corresponding classical signal y i :
Here, the angles θ 1 , . . . , θ m determine the quadrature measured by each homodyne detector. The vector of classical signals y = [y 1 . . . y m ]
T is then used as the input to a classical estimator defined as follows:
Hereẑ is a scalar classical estimate of the quantity z. The estimation error corresponding to this estimate is Then, the optimal classical estimator is defined as the system (13) that minimizes the quantitȳ
which is the mean-square error of the estimate. Here, · denotes the quantum expectation over the joint quantum-classical system defined by (11), (12), (13) .
The optimal classical estimator is given by the standard (complex) Kalman filter defined for the system (11), (12) . This optimal classical estimator is obtained from the solution to the algebraic Riccati equation:
Here we have assumed that the quantum noise A is purely canonical, i.e. dAdA † = Idt and hence K = I.
Equation (16) thus becomes:
The value of the cost (15) is given bȳ
Coherent-Classical Estimation
In coherent-classical estimation scheme of Fig. 3 , the plant output Y(t) does not directly drive a bank of homodyne detectors as in (12) . Rather, this is fed into another quantum system called a coherent controller, defined as A quadrature of each component ofỸ is homodyne detected to yield a corresponding classical signalỹ i :
Here, the anglesθ 1 , . . . ,θm determine the quadrature measured by each homodyne detector. The vector of classical signalsỹ = [ỹ 1 . .
.ỹm]
Hereẑ is a scalar classical estimate of the quantity z.
Corresponding to this estimate is the estimation error (14) . Then, the optimal coherent-classical estimator is defined as the systems (20), (22) which together minimize the quantity (15) . Note that the coherent controller does not directly produce an estimate of a plant variable as in the quantum observer of Ref. [12] . Instead, it only works in combination with the classical estimator to yield a classical estimate of the quantity z.
We can now combine the quantum plant (11) and the coherent controller (20) to yield an augmented quantum linear system defined by the following QSDEs:
The optimal classical estimator is given by the standard (complex) Kalman filter defined for the system (23), (21) . This optimal classical estimator is obtained from the solutionP e to an algebraic Riccati equation of the form (16) , where
where since the quantum noise A is assumed to be purely canonical, i.e. dAdA † = Idt, we have
Then, the corresponding optimal classical estimator (22) is defined by the equations:
We write:P
where P 1 is of the same dimension asP e . Then, the corresponding cost of the form (15) is
Thus, the optimal coherent-classical estimation problem can be solved by first choosing the coherent controller (20) to minimize the cost (27) . Then, the classical estimator (22) is constructed according to (25) .
Remark 1 Note that the combined plant-controller system being measured here is a fully quantum system, such that the controller preserves the quantum coherence of the quantum plant output (that is not measured directly) and yet can be chosen suitably, as mentioned above, to assist in improving the precision of the classical estimate of a plant variable. On the other hand, with purely-classical estimation, we have no control over the variables of the quantum system (just the plant itself ) being measured.
Theorem 4.1 Consider a coherent-classical estimation scheme defined by (5) (A out being Y), (20) , (21) and (22), such that the plant is physically realizable, with the costJ c defined in (27) . Also, consider the corresponding purely-classical estimation scheme defined by (5), (12) and (13), such that the plant is physically realizable, with the costJ c defined in (19) . Then,
Proof We first consider the form of the system (11) with the assumption that the plant is an annihilation operator only system. A quantum system (1), (2) is characterized by annihilation operators only when F 2 , G 2 , H 2 , K 2 = 0.
Then, the equations for the annihilation operators in (11) take the form
The corresponding equations for creation operators are
Hence, the plant is described by (11) , where
Next, we use the assumption that the plant is physically realizable. Then, by applying Theorem 2.2 to (29), there exists a matrix Θ 1 > 0, such that
Combining (32) and (33), we get
where Θ =
Clearly,P e = Θ satisfies (18) owing to (34). Also,P e = Θ 0 0 P 3 satisfies (16), (24) for the coherent-classical estimation case. Here, P 3 > 0 is the error-covariance of the purely-classical estimation of the coherent controller alone. Thus, we getJ c =J c = CΘC † .
Remark 2 Note that the Kalman gain of the purelyclassical estimator is 0 whenP e = Θ, i.e. the Kalman state estimate is independent of the measurement. This is consistent with Cor. 1 of Ref. [17] , which states that for a physically realizable annihilation operator quantum system with only quantum noise inputs, any output contains no information about the system's internal variables.
Remark 3 Theorem 4.1 implies that coherent-classical estimation of a physically realizable annihilation operator quantum plant performs identical to, and no better than, purely-classical estimation of the plant. This is so because the output field of the plant contains no information about the plant's internal variables and, thus, simply serves as a quantum white noise input for the controller.
Now, we present an example to illustrate Theorem 4.1. Let the quantum plant be a dynamic squeezer (See (9)):
Here, we choose γ = 4, κ = 4 and χ = 0. Note that this system is physically realizable, since γ = κ, and is annihilation operator only, since χ = 0. In fact, this system corresponds to a passive optical cavity. We then calculate the optimal classical-only state estimator and the errorJ c of (19) for this system using the standard Kalman filter equations corresponding to homodyne detector angles varying from θ = 0
We next consider coherent-classical estimation, where the coherent controller (20) is also a dynamic squeezer:
Here, we choose γ = 16, κ = 16 and χ = 2, so that the system is physically realizable. Then, the classical estimator for this case is calculated according to (23) , (24), (16) , (25) for the homodyne detector angle varying from θ = 0 • to θ = 180
• . The resulting costJ c in (27) alongwith the cost for the purely-classical estimator is shown in Fig. 4 . Clearly, both the classical-only and coherentclassical estimators have the same estimation error cost for all homodyne angles. This illustrates Theorem 4.1.
Next, we consider a case where the controller is a physically realizable annihilation operator only system. But, the plant is physically realizable and has χ = 0. In (35), we choose γ = 4, κ = 4, χ = 0.5, and in (36), γ = 16, κ = 16, χ = 0. Fig. 5 then shows that the coherentclassical error is greater than or equal to the purelyclassical error for all homodyne angles.
In fact, we observe that the coherent-classical estimator can be no better than the purely-classical estimator, when the coherent controller is an annihilation operator only system. We present this here as a conjecture, which is a consequence of the quantum data processing inequality from Ref. [21] . Indeed, the coherent information in the quantum plant cannot be increased by additional dynamics of a coherent controller, that does not have any squeezing and provides no feedback to the plant. Thus, such a controller cannot improve the estimation accuracy.
Conjecture 4.1 Consider a coherent-classical estimation scheme defined by (11) , (20) , (21) and (22) , where the plant is physically realizable and the coherent controller is a physically realizable annihilation operator only system, with the costJ c defined in (27) . Also, consider the corresponding purely-classical estimation scheme defined by (11) , (12) and (13), such that the plant is physically realizable, with the costJ c defined in (19) . Then,
Furthermore, we present an example where both the plant and the controller are physically realizable quan- tum systems with χ = 0. In (35), we choose γ = 4, κ = 4, χ = 1, and in (36), γ = 16, κ = 16, χ = 4. Fig. 6 then shows that the coherent-classical estimator can perform better than the purely-classical estimator, e.g. for a homodyne angle of θ = 30
• . It however appears that for the best choice of homodyne angle, the classical-only estimator always outperforms the coherent-classical estimator. We also present this as a conjecture.
Conjecture 4.2 Consider a coherent-classical estimation scheme defined by (11) , (20), (21) and (22) with a costJ c defined in (27) . Also, consider the corresponding purely-classical estimation scheme defined by (11) , (12) and (13) with a costJ c defined in (19) . Then, for the optimal choice of the homodyne angle θ opt ,
Jc(θopt) ≥Jc(θopt).
(38)
Coherent-Classical Estimation with Feedback
Here, we consider the case where there is quantum feedback from the coherent controller to the quantum plant [16] . For this purpose, the plant is assumed to have a control input U as in Fig. 7 . Then, (11) becomes
The optimal purely-classical estimator is obtained from the solution of a Riccati equation of the form (18):
where we have assumed K = I as before. The estimation error cost is then given by (19) . The coherent controller here would have an additional output that is fed back to the control input of the quantum plant, as depicted in Fig. 8 . The coherent controller in this case is defined as follows [16] :
The plant (39) and the controller (41) can be combined to yield an augmented system [16] :
The optimal coherent-classical estimator is then obtained from the solutionP e (given by (26) ) to an algebraic Riccati equation of the form (16), where andL 1 ,L 2 and L as in (24) . Here, for the coherent controller to be physically realizable, we would have:
which impliesK c1 = K c2 = I and K c1 =K c2 = 0. The estimation error is then given by the cost (27) .
Remark 4
Note that the combined plant-controller system being measured here is again a fully quantum system. The coherent controller not only preserves the quantum coherence of the quantum plant output, but also allows for coherent feedback control of the quantum plant by means of a suitable choice of the controller parameters that minimizes (27) . This further assists in improving the precision of the classical estimate of a plant variable, when compared to the cases of purely-classical estimation and coherent-classical estimation without coherent feedback.
Theorem 5.1 Consider a coherent-classical estimation scheme defined by (39), (41), (21) and (22), such that both the plant and the controller are physically realizable annihilation operator only systems, with the costJ c as in (27) . Also, consider the corresponding purely-classical estimation scheme defined by (39), (12) and (13), such that the plant is a physically realizable annihilation operator only system, with the costJ c as in (19) . Then,
Proof The plant (39) may be augmented to account for an unused outputȲ to recast the QSDE's in the desired form, that lends itself appropriately to the physical realizability treatment, as follows:
Here,K = I for the plant to be physically realizable. Additionally, using the same arguments as in the proof for Theorem 4.1, we must have:
for the annihilation operator only plant to be physically realizable with the commutation matrix Θ > 0.
Similarly, if the coherent controller (41) is an annihilation operator only system, we must have the following for it to be physically realizable:
where Θ c > 0 is the controller's commutation matrix.
Clearly,P e = Θ satisfies the Riccati equation (40) Remark 5 Theorem 5.1 implies that coherent-classical estimation with coherent feedback, where both the plant and the controller are physically realizable annihilation operator quantum systems, performs identical to, and no better than, purely-classical estimation of the plant. Note that in addition to P 2 = 0, we need to have both P 1 = Θ and P 3 = Θ c for the coherent-classical scheme to be equivalent to the classical-only scheme.
Now, we present examples involving dynamic squeezers for the case of coherent-classical estimation with feedback. First, we give one to illustrate Theorem 5.1. Here, the quantum plant (35) takes the form:
Here, we choose γ = 4, κ 1 = κ 2 = 2 and χ = 0. Note that this system is physically realizable, since γ = κ 1 + κ 2 , and is annihilation operator only, since χ = 0. We then calculate the optimal classical-only state estimator and the errorJ c in (19) for this system using the standard Kalman filter equations corresponding to homodyne detector angles varying from θ = 0
• to θ = 180
• .
The coherent controller (36) in this case takes the form:
Here, we choose γ = 16, κ 1 = κ 2 = 8 and χ = 0, so that it is a physically realizable annihilation operator only system. Then, the classical estimator for this case is calculated according to (42), (43), (16) , (25) for the homodyne detector angle varying from θ = 0 • to θ = 180
• . The resulting value of the costJ c in (27) alongwith the cost for the purely-classical estimator case is shown in Fig. 9 . Clearly both the classical-only and coherentclassical estimators have the same estimation error cost for all homodyne angles. This illustrates Theorem 5.1.
We now show in examples that when either the plant or the controller is not an annihilation operator quantum system, the coherent-classical estimator with coherent feedback can provide improvement over the purelyclassical estimator. We first consider an example where the controller is a physically realizable annihilation operator only system. But, the plant is physically realizable with χ = 0. In (48), we choose γ = 4, κ 1 = κ 2 = 2, χ = 0.5, and in (49), γ = 16, κ 1 = κ 2 = 8, χ = 0. Fig. 10 then shows that the coherent-classical error is less than the purely-classical error for all homodyne angles.
Then, we consider the case where the plant is an annihilation operator only system, but the coherent controller is not. In (48), we choose γ = 4, κ 1 = κ 2 = 2, χ = 0, and in (49), we take γ = 16, κ 1 = κ 2 = 8, χ = −0.5. Fig. 11 then shows that the coherent-classical error is again less than the purely-classical error for all homodyne angles.
We also show the case where both the plant and the controller have χ = 0. With γ = 4, κ 1 = κ 2 = 2, χ = 1 in (48), and γ = 16, κ 1 = κ 2 = 8, χ = −0.5 in (49), Fig. 12 shows that coherent-classical error is less than purely-classical error for all homodyne angles. However, with both plant and controller having χ = 0, coherentclassical estimates can be better than purely-classical estimates for only certain homodyne angles, as in Fig.  13 , where we used γ = 4, κ 1 = κ 2 = 2, χ = 0.5 in (48) and γ = 16, κ 1 = κ 2 = 8, χ = 0.5 in (49).
We observe that if there is any improvement with the coherent-classical estimation (with feedback) over purely-classical estimation, the former is always superior to the latter for the best choice of the homodyne angle. This we propose as a conjecture here. This is just the opposite of Conjecture 4.2 for the no feedback case.
Conjecture 5.1 Consider a coherent-classical estimation scheme defined by (39), (41), (21) and (22) with a costJ c defined in (27) . Also, consider the corresponding purely-classical estimation scheme defined by (39), (12) and (13) with a costJ c defined in (19) . Then, if there exists a homodyne angle θ i for whichJ c (θ i ) ≤J c (θ i ), for the best choice θ opt of homodyne angle, Jc(θopt) ≤Jc(θopt).
(50)
All of the above results in this section suggest that either or both of the plant and the controller need to have non-zero squeezing to produce better estimates than in classical-only case. This is because the coherent information (in the spirit of Ref. [21] ) at the output of the combined plant-controller quantum system here can be no more than at the output of the quantum plant, when both the plant and the controller are passive systems.
Conclusion
In this paper, we studied two flavours of coherentclassical estimator, one with coherent feedback and the other without, for a class of linear quantum systems. We did a comparison study of these with the corresponding purely-classical estimators. Indeed, the class of linear quantum systems considered here can be rewritten in terms of linear classical stochastic systems and the results can be explained in the classical world. However, any classical model for the plant or the controller is inherently physical, whereas the corresponding models depicting a quantum plant or controller need to satisfy the physical realizability constraints to be actual physical systems. Moreover, our results indicate physically that the combined plant-controller quantum system under measurement should have increased coherent information at its output than at the output of the quantum plant alone being measured, to be able to produce more accurate classical estimates of a plant variable. This is unique to quantum systems and unlike the classical world. Intuitively, these results should also hold for non-linear quantum systems.
